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Abstract
The physical model that allows to calculate the values of the tunneling current between
graphene layers is proposed. The tunneling current according to the proposed model is
proportional to the area of tunneling transition. The calculated value of tunneling con-
ductivity is in qualitative agreement with experimental data.
1 Introduction
The theoretical (see, e.g., [1], [2]) and experimental [3] investigations of the tunneling current
between carbon layers were provided in the last years.
Tunneling current between carbon layers according to some of theoretical models (see,
e.g., [1]) is a nonlinear function of area of the tunneling contact. In other theoretical mod-
els [2] the "finite disorder potential" is introduced to sup-press the divergence of tunneling
conductance between the graphene layers. However the known experiments show that the tun-
neling conductance between nanotube wells [3] is proportional to the area of the tunneling
contact.
In the present paper the model of tunneling current between two graphene layers is proposed.
We assume that the time of tunneling transition of an electron between the layers is finite. The
proposed model yields the tunneling current proportional to the total area of the tunneling
contact and values of the tunneling conductance in qualitative agreement with the experimental
data [3].
2 Tunneling current and time of tunneling
In the proposed model the tunneling current of pi-electrons between two gra-phene layers at
electrical potential U between the layers is the sum of the time derivative of probability of
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electron tunneling transition from one (top) to an-other (bot) layers over all quantum numbers
~ktop(bot) = (kx, ky) (see [4])
I = e
∑
~ktop
∑
~kbot
[
f
(
Etop, EF +
eU
2
)
− f
(
Ebot, EF − eU
2
)](
∂w(Ebot − Etop, t)
∂t
)
t=tC
, (1)
where Ebot = Ebot(~kbot) and Etop = Etop(~ktop) are the energies of an electron in the two layers,
f(E,EF ) = {1 + exp[(E − EF )/kBT ]}−1 is the Fermi function, EF is the Fermi level, kBT
is the thermal energy. The ratio of the probability of electron transition between the states
with energies Ebot and Etop during the time tC in the first order of perturbation theory is (see,
e.g., [5]):
w(Ebot − Etop, tC) =
2|M~kbot,~ktopbot,top |2(1− cos[(Ebot − Etop)tC/~])
(Ebot − Etop)2 , (2)
where M
~kbot,~ktop
bot,top is the tunneling matrix element between the states Ψbot and Ψtop of the two
graphene layers. At (Ebot−Etop)tC/~]) << 1 the tunneling rate ∂w/∂t, and thus the tunneling
current is proportional to the transition time tC :(
∂w(Ebot − Etop, t)
∂t
)
t=tC
=
2tC
~2
|M~kbot,~ktopbot,top |2 (3)
Note that the finiteness of the transition time between the quantum states was assumed
in [6] at considering of interaction of an electron with impurities in doped semiconductors.
Note also that for tC →∞ the formula (3) is transformed to an expression with delta-function
(∂w/∂t)tC→∞ = (2pi/~)|M
~kbot,~ktop
bot,top |2δ (Ebot − Etop) and gives area-dependent conductivity in [1]
or leads to divergence of the tunneling conductivity in [2].
To find the time tC of tunneling transition of an electron between the layers we take into
account that the local average speed of the electron along z direction is expressed via the phase
of its wave function [7] as
vz =
∂
∂z
(
~φ
m0
)
=
~
m0
δφ
δZ
, (4)
where δZ is the interlayer distance, m0 is the electron mass. According to the Aharonov-Bohm
effect the wave function of electron being under the electro-static potential U during the time
tC experiences a phase shift [8]
δφ = eUtC/~. (5)
From Eqs. (4) and (5) we obtain
t2c = m0δZ
2/eU. (6)
The tunneling matrix element between the states Ψbot and Ψtop of two graphene layers
according to the Bardeen formalism [9] has the form:
M
~kbot,~ktop
bot,top =
~2
2m0
∫
S
(Ψ∗bot∇Ψtop −Ψtop∇Ψ∗bot) d~S, (7)
where S is an arbitrary surface between the graphene layers.
Near theK-points ( ~Kj) of the Brillouin zone the relationM
~kbot,~ktop
bot,top = M
~kbot=~ktop=~k
bot,top δ
(
~kbot, ~ktop
)
takes place [10] and the sum over ~kbot and ~ktop in Eq. (1) is replaced by the sum over one ~k
2
(
∑
~kbot
∑
~ktop
|M~kbot,~ktopbot,top |2× ...→
∑
~kbot=~ktop=~k
|M~kbot=~ktop=~kbot,top |2× ...). Taking this into account Eq.
(1) for the current can be written as:
I =
2e
~2
∑
k[f(Etop, EF + eU/2)− f(Etop, EF + eU/2)]|M~kbot,top|2tC (8)
Near the K-points the matrix element (7) according to [10] is |Mbot,top| = 0.11 eV for the Bernal
stacking of graphene layers.
Next, we replace the sum in Eq. (8) by the integral
∑
~k (...)→ A
∫ Emax
Emin
ggr(E)(...)dE, where
ggr = A
−1dN/dE is the electron density of states in graphene, A is the area of graphene. The
number of the electron states with the wave vectors in the interval [~k,~k + d~k] in the graphene
layer with the area A is dN = 2 ·2 · (A/(2pi)2)dkxdky. Here the first factor ’2’ is due to two spin
directions, the second factor ’2’ is due to two energy minimums in Brillouin zone of graphene
(see [11]); the factor (2pi) is due to the Heisenberg uncertainty principle (Aδpxδpy = (2pi~)2N).
Near the K-points of the Brillouin zone of graphene the electron energy is a linear function of
the distance between ~k and the wave vector of K-point: E(k) = ±(γa√3/2) · |~k − ~Kj| [11]. It
leads to:
ggr(E) =
1
A
dN
dE
=
4
3piγ2a2
|E|. (9)
Taking into account Eq. (9), the expression (8) for the current between the graphene layers
with the contact area A takes the form:
I =
2pie
~
√
m
eU
δZ · A ·
(
8
3piγ2
)
· |Mbot,top|2 · (eU)2 · F
(
eU
kBT
)
, (10)
where
F (eU/kBT ) =
(
kBT
eU
)2 ∫ +∞
0
2(E/kBT ) sinh(eU/2kBT )
cosh(eU/2kBT ) + cosh(E/kBT )
d(E/kBT ) ≈
≈
{
2 ln(2) · (kBT/eU) at eU/kBT << 4 ln(2)
1/4 at eU/kBT >> 4 ln(2)
It is seen from Eq. (9) that the current is proportional to U3/2 at eU/(2kBT ) << 8 ln 2 and
to U1/2 at eU/(2kBT ) >> 8 ln 2. In contrast to the models [1, 2] the current is proportional
to the area of tunneling contact and does not require an "disorder potential" to suppress the
divergence of the tunneling conductance.
Eq. (9) gives the value of the current density I/A = 7.33 · 106A/cm2 at U = 1 mV, δZ =
0.34 nm and kBT = 0.026 eV, that corresponds to the conductivity g⊥ = (I/A) · δZ/U = 2.5 ·
104Ω−1 ·m−1. The calculated tunneling conductivity is consistent with g⊥ = (0.1kΩ)−1/µm−1 =
104Ω−1 ·m−1, which is measured between the outer walls of multi-walled carbon nanotube [3].
3 Conclusion
The model of tunneling current between the graphene layers that considers the finiteness of the
tunneling transition time is proposed. According to the proposed model the tunneling current
is proportional to the area of tunneling contact. The calculated value of tunneling conductivity
is in qualitative agreement with the experimental data.
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